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Microcantilevers have played a vital role in chemical and biological detection, especially the triangular shaped
microcantilevers for their much higher sensitivity and better anti-twisting capability. Microcantilevers bend in
response to differential surface stress. Surface stress can be overwhelming and often play an important role for
microcantilevers due to the increasing surface to volume ratio as microcantilevers scale down. This paper gives a
detailed theoretical study on surface stress induced curvature and the effect of curvature upon the dynamic
response of triangular shaped microcantilevers. The remarkably precise analytical formula for calculating the
fundamental resonant frequency of curved triangular shaped microcantilever is validated with FEM (Finite
Element Method) results. A very good agreement is obtained between the theoretical results and the FEM results.
This formula raises a new perspective that surface stress can be calculated from the fundamental resonant
frequency of curved microcantilever using readily measurable microcantilever properties, such as its geometry,
elastic modulus and density.
Manuscript received: January XX, 2011 / Accepted: January XX, 2011

NOMENCLATURE
σ = surface stress
E*= biaxial modulus
E = elastic modulus
ν = Poisson’s ratio
d = thickness of microcantilever
R = radius of curvature
l = length of microcantilever
b = fixed end width of microcantilever
M = concentrated bending moment
I = area moment of inertia
κ = curvature
Fr = concentrated axial force
Fy = concentrated vertical force
dFr = an increment of axial force
dFy = an increment of vertical force
A = cross-sectional area
Y(x,t) = deflection of microcantilever
y(x) = vibration mode of microcantilever
t = time
ω = resonant angular frequency

U = maximum strain energy
T = maximum kinetic energy
fstress = fundamental resonant frequency of curved triangular
shaped mircocantilever as a function of surface stress
fstr = fundamental resonant frequency of straight triangular
shaped microcantilever
fcur = fundamental resonant frequency of curved triangular
shaped microcantilever as a function of radius of
curvature
ffem = fundamental resonant frequency of curved triangular
shaped microcantilever obtained by FEM analysis
fmod = modified fundamental resonant frequency of curved
triangular shaped microcantilever.
l/b = aspect ratio of triangular shaped microcantilever

1. Introduction
Microcantilevers have been widely used in chemical and
biological detection1-4 for their high sensitivity, fast response, reduced
size and easy mass production at low cost.5 Although they have been
successful in biochemical detection, many researchers desire to

improve their performance by enhancing their mass sensitivity
towards developing detection capabilities through geometry
modification. The results showed that triangular shaped
microcantilevers have mass sensitivity by an order of magnitude over
the simple rectangular shaped microcantilevers of similar
dimensions.6 Moreover, triangular shaped microcantilevers can also
avoid twisting caused by turbulence of the surrounding medium.7
Microcantilevers bend in response to differential surface stress.8
Surface stress can be induced in various ways, such as absorbed
molecules, temperature changes, or charge (or potential) changes.5 In
the size domain of micro electro mechanical systems (MEMS),
surface stress can be overwhelming and often play an important role
in microstructures due to the increasing surface to volume ratio as
microstructures shrink to microns or nanometers.9-10 To date, many
theoretical models and experimental methods have been undertaken
to study surface stress and the effect of surface stress on
microcantilevers.5,9-14 In this field, Stoney15 accomplished the
pioneering work who derived a widely accepted simple quantitative
relation linking the surface stress σ and radius of curvature R of a
bending microcantilever, named as Sotney’s equation,
E d 2
(1)

,
6R
where, d is the microcantilever’s thickness, E* = E/(1-ν) is the biaxial
modulus, E and ν are elastic modulus and Poisson’s ratio of the
microcanilever, respectively. It is especially noted that the unit of
surface stress is N/m and σ > 0 is tensile, which has been adopted by
many researchers.5,10-11,13-14,16 However, the physical meaning of the
surface stress requires careful attention. Some researchers define
surface stress as force per unit length,11,13-14 while others define it as
force per unit width.5,10,16 In this paper, the surface stress is defined as
force per unit width.
Despite increased interest in microcantilevers, there is no
quantitative study about the effect of surface stress induced curvature
on dynamic response of microcantilevers, especially the promising
triangular shaped microcantilevers. In this paper, the surface stress
induced curvature and the effect of curvature upon the dynamic
behavior of triangular shaped microcantilevers are investigated. A
remarkably precise analytical formula for calculating the fundamental
resonant frequency of curved triangular shaped microcantilever is
deduced. This useful analytical formula, convenient for practical
applications, is validated with FEM results and raises a new
perspective that, surface stress can be calculated from the
fundamental resonant frequency of curved microcantilever using
readily measurable microcantilever properties, such as its geometry,
elastic modulus and density.
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As shown in previous works, the effect of surface stress can be
modeled as a concentrated bending moment M at the
microcantilever’s free end, as shown in Fig. 1(b).10,13 Thus, the
transverse deflection of the triangular shaped microcantilever for this
model obeys the following governing equation:
d2y
(2)
E I 2  M
dx
and the boundary conditions are given as

y(0)  0,

dy
(0)  0.
dx

(3)

where, I is the area moment of inertia. For a triangular shaped
microcantilever, I and M are defined by a rectangle with varying
width as:
bd 3 (1  x / l )
 bd (1  x / l )
(4)
I
,
M
.
12
2
Equation (2) is solved by using integration and boundary conditions
as follows:
3 x 2
(5)
y  2.
Ed
For linear analysis of small deflection, the curvature κ of bending
microcantilever is approximated as d2y/dx2. Therefore, the curvature
κ and the radius of curvature R are given as:
1 d2y M
6
(6)
   2     2.
R dx
EI Ed
From equation (6), it is obvious that the modelling of the surface
stress effect as a concentrated moment at the triangular shaped
microcantilever’s free end guarantees that the microcantilever has a
constant curvature.
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2. Theory
2.1 Surface stress induced curvature10,13
The triangular shaped microcantilever is considered with a
constant thickness. For the sake of clarity and simplicity, this paper
assumes surface stress exists only on the microcantilever’s upper
surface and uniformly distributed over the entire surface, as show in
Fig. 1(a). The x-axis is oriented in the neutral axis of the straight
triangular shaped microcantilever and the y-axis is perpendicular to
the x-axis. The length , thickness and fixed end width of the
microcantilever are denoted as l, d and b, respectively.

(c)
Fr

Fy

(d)
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Fig. 1 Schematic of a theoretical model of triangular shaped
microcantilever, (a) with surface stress, (b) with concentrated bending
moment, (c) with concentrated bending moment and concentrated
axial force, (d) with concentrated axial force and concentrated vertical
force, (e) with decomposition.
The surface stress effect can be also modeled as a corresponding
concentrated bending moment M plus a corresponding concentrated
axial force Fr at the microcantilever’s free end, as shown in Fig. 1(c).
Further, this paper models the surface stress effect as a concentrated
axial force Fr plus a concentrated vertical force Fy at the
microcantilever’s free end, as shown in Fig. 1(d). On any given
microcantilever element sufficiently far from the fixed end the surface
stress will impose an increment of an equivalent axial force dFr and
an increment of vertical force dFy, this decomposition as shown in Fig.
1(e) (note that this is not a free-body diagram). The relationship
between dFr amd dFy is given as:
y
(7)
dFr  dFy  tan    dFy .
x
And the increment of vertical force dFy is given as:
 bd (1  x / l )
(8)
dFy  
.
2l
Substituting equation (8) into equation (7), the equivalent
concentrated axial load per unit length is derived as:
dFr    bd (1  x / l ) y 
(9)

 .
dx x 
2l
x 
It is assumed that the vertical force will not affect the resonant
frequency because it puts one half of the microcantilever into
compression and the other half into tension in a symmetric manner,
thus the effects will be ignored. In contrast to that, the axial load that
represents the surface stress will tend to stretch or compress the
microcantilever, which will increase or decrease its resonant
frequency for any given bending mode.13

2.2 Dynamic response of curved triangular shaped microcanti
levers12,17
Considering the axial load the governing equation for free
transverse vibration of triangular shaped microcantilever can be
written as:
 4Y   bd (1  x / l ) Y 
 2Y
(10)
EI

x

4



x 

2l



  A 2  0,
x 
t

where, ρ is the density of the microcantilever, A is the cross-sectional
area given by:
(11)
A  bd (1  x / l ).
The deflection Y(x,t) is assumed as Y(x,t) = y(x)exp(iωt), where y(x)
is the vibration mode and ω is the resonant angular frequency.
The boundary conditions for the microcantilever can be expressed
as y(0) = 0, y'(0) = 0, y''(l) = 0, y'''(l) = 0. The variational method17 is
employed to solve the problem for it is very difficult to find the exact
the solutions for equation (10). The resonance conditions are found by
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setting δ(U-T) = 0, where the maximum strain energy U of a vibrating
microcantilever is given as:
2
2
(12)
1 l  2 y 
1 l  bd (1  x / l )  y 
U   EI  2  dx  
dx


2 0  x 
2 0
2l
 x 
and the maximum kinetic energy T of the microcantilever is given by:
(13)
2 l
T
 Ay 2 ( x)dx,
2 0
using ∂2Y/∂t2 = −ω2y(x). Here the vibration mode y(x) can be
expressed as a polynomial:

y ( x)  a0  a1 x  c1 x 2  c2 x3

(14)

 c1 1  c2 2 .
According to the boundary conditions, the a0 = a1 = 0, and we set
ψ1 = x2 and ψ2 = x3. The two necessary conditions are d(U/T)/dcj =
0, for j = 1,2. Let
2
l
d 2 i d  j  bd (1  x / l ) d i d i 
(15)
ri , j    EI

dx
2
2
0
dx
dx
2
l
dx
dx


and

si , j    s A i j dx
l

(16)

0

for i, j = 1,2. To have nontrivial solutions for ck, the determinant
must vanish, i.e.,
for i, j, k = 1,2. (17)
ri , j   2 si , j  0
By solving equation (17), the fundamental resonant frequency of
curved triangular shaped mircocantilever can be found as a function
of the surface stress,

f stress


1


2 2 l 2

119
 147
l 
Ed 2

2
1  10
2 2
  7 261 l 
 
2
2 4
 10 2370 lEd  6225 E d

 (18)

.




Equation (18) raises a new perspective that, surface stress can be
calculated from the fundamental resonant frequency of curved
microcantilever using readily measurable microcantilever properties,
such as its geometry, elastic modulus and density. This may be of
great value for frequency-based surface stress measurements.
When σ = 0 equation (18) returns the expression for a free
micircantilever (straight microcantilever), that is there is no surface
stress on the microcantilever’s surface. The fundamental resonant
frequency of a straight triangular shaped microcantilever is given as:

f str 

d
119 7 249 E
d E
( 
)  0.3289 2
.
2
2 l
2
2

l 

(19)

Substituting equation (1) into equation (18), the fundamental resonant
frequency of the curved triangular shaped microcantilevers is given
as:

f cur 

d
2 l 2

49 119
 119

 2  R  20 l  2 R



E

24900 2 R 2  1580l R  .

 R(  1)  7
49800 R 2  29l 2


20

2


1580
lR

24900
R



(20)

Although equation (19) and (20) hold quite well for a narrow
microcantilever, they fail to take account for the Poisson’s effect for a
wider cantilever. If the fundamental resonant frequency of straight
triangular shaped microcantilever ffem is accurately known, then
Poisson’s effect can be weakened by the following modified equation
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where, fmod is the modified fundamental resonant frequency of curved
microcantilever.

3. Experimental procedure
To investigate the effect of surface stress induced curvature on the
dynamic response of triangular shaped microcantilevers, modal
analysis was performed using ANSYS software on the curved
triangular shaped microcantilevers and straight triangular shaped
microcantilevers. In these finite element analyses, the material
properties were kept the same for all microcantilevers studied while
varying the radius of curvature. The material properties include elastic
modulus of 130 GPa, density of 2330 kg/m3 and Poisson’s ratio of
0.28. For usual microcantilevers, the microcantilever length often
falls in a range of 100 to 500 μm, thickness varies from 0.5 to 2
μm1,5,12,16,18-21 and aspect ratio l/b > 1. Following are the geometrical
parameters used for the modeling of microcantilevers:
■ Radius of curvature varied from 1 mm to 20 mm
■ Lengths of the triangular shaped microcantilevers were 200,
500 μm
■ Width of the triangular shaped microcantilevers was 100 μm
■ Thickness of the triangular shaped cantilevers was 2 m
It should be pointed out that the surface stress existing on the 200
μm long microcantilevers is tensile, while the 500 μm long
microcantilevers is compressible.

(b)

(c)

4. Results and discussions
We now present numerical results and FEM results for the
dynamic behavior of the triangular shaped microcantilevers. Fig. 2
presents results obtained by using equation (19) for the fundamental
resonant frequency of the straight triangular shaped microcantilever
and equation (20), (21) and FEM analysis for the fundamental
resonant frequency of the curved triangular shaped microcantilevers
with the material properties and dimensions except the radius of
curvature.

(a)

(d)
Fig. 2 Frequency and ratio results for the microcantilevers, the
subscripts fem, str, cur and mod denote results obtained using FEM
method, equation (19), equation (20) and equation (21), respectively.
(a) the frequency results for the 200 μm long triangular shaped
microcantilevers, (b) FEM results used as benchmark, the ratio results
for the 200 μm long triangular shaped microcantilevers, (c) the
frequency results for the 500 μm long triangular shaped
microcantilevers, (d) FEM results used as benchmark, the ratio results
for the 500 μm long triangular shaped microcantilevers.
The results presented in Fig. 2 can also be used to assess the
accuracy of equation (19), (20) and (21). As shown in Fig. 2(a), the
fundamental resonant frequency of the microcantilever given by FEM
analysis, equation (20) and (21), decreases as the radius of curvature
increases. In contrast to that, as the radius of curvature increases, the
fundamental resonant frequency of the microcantilever obtained by
FEM analysis, equation (20) and (21), increases as shown in Fig. 2(c).
Note that for large radius of curvature (R > 20 mm), the results
accorded by equation (21) are much closer to that of FEM analysis
than those of the results of equation (19) and (20), as shown in Fig.
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2(b) and Fig. 2(d). And the ratio of fmod to ffem is nearly 1. When R >
20 mm, the prediction of equation (19) are indistinguishable from that
of equation (20). The reason may be that as the radius of curvature
increases, the surface stress existing on the microcantilever’s surface
decreases. This can also get from equation (1). And then triangular
shaped microcantilever begins to transform from curved-cantileverlike to straight-cantilever-like. For large radius of curvature, the
surface stress is nearly zero. Thus the equation (20) returns to
equation (19) that is the expression for a straight triangular shaped
microcantilever. Clearly, the modified formula equation (21) is of
great value to ignore the Poisson’s effect, so the results can describe
the dynamic behavior of the microcantilever much more accurately.
Moreover, the assumption that the tensible force (σ > 0) or
compressible force (σ > 0) will stretch or compress the
microcantilever, which will increase or decrease its resonant
frequency, is confirmed, as shown in Fig. 2(a) and Fig. 2(c).
As shown in Fig. 2(b), for the 200 μm long triangular shaped
microcantilever, the maximum error of the results given by equation
(19), (20) and (21) is 0.88%, 1.34% and 1.94%, respectively. When R
> 20 mm the maximum error is not exceeding 0.6%, 0.48% and
0.11%, respectively. In contrast to that, for the 500 μm long
microcantilever, the maximum error of the results of equation (19),
(20) and (21) is 0.77%, 6.14% and 5.4%, respectively. When R > 20
mm the maximum error is within 0.77%, 1.06% and 0.28%,
respectively, as shown in Fig. 2(d). The reason for the maximum error
as high as 6.14% for large curvature can be attributed to deviation of
the assumption that the deflection of the microcantilever bending is
small and linearly proportional to the surface stress. For large
curvature, the deflection becomes nonlinear and produces stiffening
effect in the microcantilever. The stiffening effect in the
microcantilever increases its bending stiffness, resulting in increased
frequency in the microcantilever.
Consequently, we recommend the equation (20) when concerning
effect of surface stress induced curvature on the dynamic response of
the triangular shaped microcantilevers. Further, if the fundamental
resonant frequency of the straight triangular shaped microcantilever
with the same material properties and dimensions is accurately known,
equation (21) should be used. Otherwise, if the effect of surface stress
on change of resonant frequency of a microcantilever is not a concern,
the fundamental resonant frequency of the curved triangular shaped
microcantilever can be calculated by equation (19) for the sake of
simplicity.

5. Conclusions
A detailed theoretical study of the effect of surface stress induced
curvature on the dynamic response of triangular shaped
microcantilever has been presented. This involved the derivation of
analytical formulas for surface stress induced curvature and the
fundamental resonant frequency of triangular shaped microcantilevers
as a function of the curvature.
Surface stress is successfully modelled as a concentrated axial
load plus a concentrated vertical force at the microcantilever’s free
end. The vertical force will not affect the resonant frequency of the
microcantilever, whereas the axial load that represents the surface
stress will tend to stretch or compress the microcantilever, which will
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increase or decrease its resonant frequency for any given bending
mode.
The analytical formula for calculating the fundamental resonant
frequency of curved triangular shaped microcantilevers agrees well
with FEM results. It is therefore recommended that equation (20)
should be used when concerning effect of surface stress induced
curvature on the dynamic response of the triangular microcantilevers.
Further, if the fundamental resonant frequency of the straight
microcantilever with the same material properties and dimensions is
accurately known, equation (21) should be used. This useful
analytical formula, convenient for practical applications, raises a new
perspective that surface stress can be calculated from the fundamental
resonant frequency of curved microcantilever using readily
measurable microcantilever properties, such as its geometry, elastic
modulus and density.
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