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The movement of circular path is one of the most common machining methods. In recent years, with the rapid
development of modern manufacturing technology, it requires more and more precise circular path. Thus, this
paper presents a non-contact two-dimensional measurement method for the circular path of NC machine tool.
First, the theory of the measurement method was introduced and the error modeling of the circular path for the NC
machine tool was established. Then through further analyzing the influence of the geometric errors to circular
path deviations, the error resources were identified, such as the displacement errors, backlashes and squareness
errors. Finally measurement and compensation experiment of circular path based on the non-contact laser
measurement method was conducted. The experimental results show that the presented method can be set up easily
and rapidly, even can be used to measure smaller radius circular path under a high feed rate condition. After
compensation, the accuracy of the circular path of the machine tool is improved by 57%. Therefore, the method
can be used to rapidly evaluate the accuracy of machine tool and lay the reliable foundation of the error
compensation for NC machine tool.
Manuscript received: January XX, 2011 / Accepted: January XX, 2011

NOMENCLATURE
xi = measurement data in the x-direction
yi = measurement data in the y-direction
i = number of points
N = number of the points in one period
R = radius of nominal path
X o = center coordinate of the circle in x direction
Yo = center coordinate of the circle in y direction
 = incremental angle
 i = polar angle in the i point
Ri = polar radius, actual value of radius in the i point
dRi = circular deviation
F = feed rate of the machine tool
O0X0Y0Z0 = coordinate frames on the machine body
O1X1Y1Z1 = coordinate frames on the x-slide
O2X2Y2Z2 = coordinate frames on the y-slide
O3X3Y3Z3 = coordinate frames on the z-slide
T01 = transformation matrix between coordinate frames on
the machine body and x-slide
T12 = transformation matrix between coordinate frames on
the x-slide and y-slide
T03 = transformation matrix between coordinate frames on
the machine body and z-slide

E = geometric error vector


Ex  y = error vector of the x-y plane

Pt ideal = position coordinate of the tool under ideal condition

Pw ideal = position coordinate of the workpiece under ideal
condition
 xx ,  yy ,  zz = linear displacement errors

 yx ,  zy ,  xz = vertical straightness errors
 zx ,  xy ,  yz = horizontal straightness errors
 xx ,  yy ,  zz = roll angular errors

 yx ,  zy ,  xz = pitch angular errors
 zx ,  xy ,  yz = yaw angular errors
sxy , syz , sxz = squareness errors
    
X , Y , Z , T , W = position vector of x-axis, y-axis, zaxis, tool, and workpiece, respectively

1. Introduction
With increasing requirements on the accuracy of machined parts,
various approaches have been proposed to increase the circular
accuracy of NC machine tool.1,2 ISO 230-4 3 specified the standard of
the circular test for NC machine tools. Circular test technology can
largely be divided into contact methods and non-contact methods.4
Ball bar is widely used to measure circular test of the machine
tool. In 1982, Bryan 5 presented the testing method of the Telescoping
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Ball Bar (TBB) to measure the errors of circular movements. And in
1994, Ziegert et al.6 presented using the Laser Ball Bar (LBB) to
measure the circular deviation. However, they are contact
measurement methods, which are limited by the standard precision
balls. That is, the contact measurement method could not be used to
measure a radius smaller than the standard ball of the ball bars, also
can not be used under the high feed rate condition. At present, Charles
Wang7,8 presented a non-contact measurement method and developed
a measurement instrument ， namely laser Doppler displacement
measurement (LDDM). Jywe et al.4 developed three nano-contouring
measurement techniques for a nano-stage by employing laser
interferometers, corner cubes and some developed fixture.
Many scholars have made researches on the error mapping
modeling of machine tool. Schultschik 9 presented the components of
the volumetric accuracy and established the geometrical model of the
machine tool. Zhanga et al.10 proposed a displacement method of
machine calibration and defined the 21 volumetric errors for threeaxis machine tool. Jywe et al.11 developed a dynamic circular
measurement analysis system. And in 2003, M.Tsutsumi et al.12,13
presented an algorithm for identifying particular deviations for 5-axis
machining centers. In 2009, Uchiyama et al.14 proposed a contouring
controller for three-dimensional machining based on coordinate
transformation.
In this paper, a non-contact two-dimensional measurement
method using the LDDM was presented to measure the circular path
of NC machine tool. The remainder of the paper is organized as
follows: Section 2 introduces the theory of the non-contact
measurement method. Section 3 establishes the mapping modeling of
the volumetric errors. Section 4 presents an experimental validation
by testing and compensating the circular errors of a Vertical NC
Machining Center. Finally, the paper ends with a brief conclusion as
presented in Section 5.

2. Theory of the Non-contact Method
The non-contact laser measurement technique for circular path
test of NC machine tool is shown in Fig. 1. Use the two singleaperture LDDM as the optical sources and two flat mirrors as targets.
Take testing the circular path of x-y plane as example, one laser beam
pointing in the x-direction and the other pointing in the y-direction,
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Fig. 2 Schematic of mapping relationship among the spindle circular
path, x-axis displacement and y-axis displacement

2.1 Circular Deviation
Assuming that the measurement data in the x-direction and ydirection are xi and yi , respectively, where i (=0,1,2…) is the
number of points. Under ideal condition, the deviation of the radial
direction dRi can be expressed as follow.

dRi  ( xi  X o )2  ( yi  Yo )2  R

2.2 Straightness Errors
The circular accuracy of NC machine tool is affected by many
factors, such as linear displacement errors, vertical straightness errors,
angular errors and squareness errors. Assuming the x-axis is not
perpendicular to y-axis (When the angle between the x-axis and yaxis is greater than 90 degrees, the squareness errors sxy  0 ). Fig. 3
shows the schematic of squareness errors, the actual value of radius
Ri can be expressed as

dRi  Ri  R
1
MCV 5000

Fig. 1 Schematic of the non-contact method testing the circular path
both of them are mounted in the working table of the machine tool.
And two flat mirrors were installed on the spindle. Make sure that the

(1)

where, X o , Yo and R are constants. ( X o , Yo ) is the center
coordinate of the circle, R is the radius of the nominal path. The
incremental angle  can be expressed as
3600
 
(2)
N
where, N is the number of the points in one period. The angle  i of
the circular path can be express as
3600  i
i  i   
(3)
N
Therefore, we can gain the polar diagram of the circular deviations.

 R 1  sin sxy sin 2i

2
1. Laser head
2. Flat mirror
3. Flat mirror
4. Machine spindle
5. Laser head
6. Circular path

flat mirrors are perpendicular to the x-direction laser beam and ydirection laser beam, respectively. Therefore, it can respectively
measure the displacement of the x-direction and y-direction. As
shown in Fig. 2, the measured displacement is a sin curve or cosine
curve.

Ri  ( R cosi  R sin i sin sxy )2  ( R sin i cos sxy )2

3

Vol. X, No.X

(4)
(5)

when i  450 or i  1350 , the minimum value or maximum value of
Ri can be obtained. Therefore, squareness errors can be evaluated by
dR
(6)
sxy  arcsin[1  (1  )2 ]
R
The schematic of the radial deviations of circular path is shown in
Fig.4. The actual path is similar to an ellipse, the angle between xaxis and the semimajor axis of the ellipse is 45 or 135 degrees.
Obviously, squareness errors will considerably affect the radial
deviations of spindle circular path.
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Fig. 3 Analysis of influence of squareness errors

Fig. 5 Structure schematic of three axis vertical XYFZ type machine
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Fig. 6 Constraint condition of the machine structure
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Fig. 4 Schematic of radial deviations of the spindle circular path

3. Error Modeling of Circular Path
Take three axis vertical XYFZ type machine as an example, its
structure schematic diagram is shown as Fig. 5. The coordinate
frames O0X0Y0Z0, O1X1Y1Z1, O2X2Y2Z2 and O3X3Y3Z3 are defined
on the machine body, x-slide, y-slide and the spindle. Through
analyzing the geometric characteristic of typical adjacent bodies, the
homogeneous transformation matrixes of geometric errors are given
as follows:15
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Under ideal conditions, the constraint condition of the machine
structure is that the position coordinate of the tool is equal to that of
workpiece in an inertial reference frame. Fig. 6 shows the schematic
of constraint condition of the machine structure.


(10)
Pt ideal  Pw ideal
    
(11)
Z  T  X Y W
However, actually we should take into account that there are some
geometric errors transformed by moving between the typical adjacent
bodies. The geometric errors can be expressed
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When measuring the circular path based on the x-y plane, the z-axis is
not moving, namely just 2D motion. Therefore the error mapping is
as follows:

 Ex   x   x   xx   xy  S xy y    xx   xy  S xy y 
Ex  y        

 (14)
 Ey   y   y   yx   yy   zx x    yx   yy   zx x 

4. Experiments and Discussions
In order to experimentally prove, the measurement and
compensation experiments of circular path for the x-y plane of a
XYFZ Type Vertical NC Machining Center were conducted. The
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Table 1 Testing report of circular path for NC machine tool before compensation (R=15mm, F=2000mm/min, N=708, Clockwise)
Circular
deviation
13.8m

Optimum
radius
14.9870mm

Squareness
error
0.3m/30mm

X-axis
backlash
5.0m

Y-axis
backlash
3.4m

Min of circular
deviation
-4.9m

Max of Circular
deviation
9.6m

Random
vibration
3.4m

Table 2 Testing report of circular path for NC machine tool after compensation (R=15mm, F=2000mm/min, N=708, Clockwise)
Squareness
error
-0.1m/30mm

X-axis
backlash
1.5m

Machine spindle

Min of circular
deviation
-2.1m

Max of Circular
deviation
1.9m

Random
vibration
1.9m
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Fig. 9 The x-axis displacement and x-axis displacement errors

Y-axis Displacement (mm)

testing region was [0, 30]  [0, 30]mm on the x-y plane with z  0
mm, radius R  15 mm, the feed rate F = 2000mm/min, the number
of one period N  708 . The circular path was carried out by a
clockwise motion.
Adopting the non-contact measurement method, the LDDM was
used to measure the x-direction and y-direction, simultaneously. Fig.
7 shows the experiment of the circular path measurement.
Then according to the analyzing the measurement data, based on
the above error modeling, the predictive value of displacement errors
Ex , Ey , and squareness errors sxy , and backlashes were calculated.
The radial deviations of the circular path are shown in Fig. 8. The xaxis and y-axis displacement and displacement errors are shown in
the Fig. 9-10. The testing report of circular path for NC machine tool
before compensation is shown in Table 1.
Thirdly, the new compensation table was obtained based on the
above results and activated in the NC control system.
Eventually, after compensation, the circular path was measured
again, and the measurement data were analyzed based on the error
modeling. The results are shown in Fig.11-13 and Table 2.

Y-axis
backlash
0.6m

X-axis displacement (mm)

Optimum
radius
14.9968mm

X-axis Errors (mm)

Circular
deviation
4.0m
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Fig. 7 The experiment of the circular path measurement

Fig. 10 The y-axis displacement and y-axis displacement errors

Fig. 8 The measurement radial deviations of the circular path before
compensation

Fig. 11 The measurement radial deviations of the circular path after
compensation
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According to Fig. 8, there was peak value of the radial deviation
while the x-axis or y-axis was traveling backward. The primary cause
is the influence of the x-axis or y-axis backlash. Comparison of the
results of measurement with and without compensation, it is clear that
the backlash of x-axis was decreased from 5.0m to 1.5m after
compensation, and the backlash of y-axis was decreased from 3.4m
to 0.6m. According to Fig.9-10, Fig.12-13, the x-axis displacement
errors were decreased from 12.1  m to 2.5  m, and y-axis
displacement errors were decreased from 10.3  m to 1.9  m.
Comparison of Table 1 and Table 2, the circular deviation was
decreased from 13.8  m to 4.0  m, and squareness error was
decreased from 0.3m/30mm to -0.1m/30m. In conclusion, the
accuracy of the circular path was improved more than 57%.

5. Conclusions
A non-contact two-dimensional measurement method was
presented for measuring the circular path of NC machine tool. The
experimental work was conducted to verify the measurement method
and error modeling effectively. The experimental results show that the
presented method can be set up easily in 20 min and test can be
carried out in 4 min with the high feed rate of 2000mm/min for small
radius of 15mm. After compensation, the accuracy of circular path of
the machine tool is effectively improved by 57%. Therefore, the
method can be used to evaluate the accuracy of machine tool rapidly
and lay the foundation for error compensation of NC machine tool
reliably and availably.
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